p{STUBBORN SUBGROUPS OF CLASSICAL COMPACT LIE GROUPS by Bob Oliver
For any compact Lie group G, let O(G) denote the \orbit category" of G: the category whose objects are the orbits G=H for closed subgroups H G, and whose morphisms are all G-maps between orbits. For any prime p, let R p (G) denote the category of those orbits G=P for p-stubborn subgroups P G: namely, those subgroups which satisfy the conditions (a) P is p-toral (i.e., an extension of a torus by a nite p-group) (b) N(P)=P is nite (c) N(P)=P is p-reduced: there is no nontrivial normal p-subgroup 1 6 = Q C N(P)=P.
One of the main results in JMO] is a decomposition for BG indexed over R p (G). explicit lists of the p-stubborn subgroups of G, were not necessary to obtain the results in those papers. However, recent results of Notbohm N] , proving in many cases the uniqueness of the completed classifying spaces BGp (uniqueness among spaces with the same mod p cohomology), do require a more precise description of the p-stubborn subgroups of the classical compact Lie groups. And this provides the motivation for the present paper. In Theorems 3 below, the p-stubborn subgroups of the matrix groups U(n), O(n), and Sp(n) are described explicitly for each n and p. In Theorems 5 and 7, these results are extended to describe the p-stubborn subgroups of SU(n) and SO(n). In all cases, the p-stubborn subgroups show a surprisingly simple pattern: being generated from a small collection of \basic" p-stubborn subgroups by products and wreath products.
For a nite group G, it turns out that the \p-stubborn" subgroups are precisely the same as the \radical" p-subgroups which are used by group theorists when classifying nite simple groups. The description given here of p-stubborn subgroups of the classical matrix groups is very similar in nature to the description of radical subgroups of symmetric groups found by Alperin & Fong in AF, Theorem 2A].
The following fundamental properties of p-stubborn subgroups will be used frequently.
Lemma 1. Let P be a p-stubborn subgroup of a compact Lie group G. Then the following two properties hold.
(i) Any p-toral subgroup H G which is normalized by N(P) (i. e., N(P) N(H)) is contained in P.
(ii) C G 0 (P) Z(P), and C G (P) = Z(P) if G=G 0 is a p-group. Which contradicts the assumption that P is p-stubborn. We now de ne certain p-stubborn subgroups of n , O(n), U(n) and Sp(n): subgroups which will be seen to generate all other p-stubborn subgroups of such groups. 
(ii) If P G (n) is an arbitrary p-stubborn subgroup, then it is conjugate to a subgroup of the form P 1 : : : P s , where each P i is an irreducible p-stubborn Proof. This will be shown in four steps. Fix P G (n), and let V be the corresponding n-dimensional P-representation. We write V (g) for the character (i.e., trace) of an element g 2 G. (When G = Sp, V (g) means the real part of the sum of the diagonal elements in the matrix g; this clearly depends only on the conjugacy class of g in G.)
Throughout the rst two steps, we assume that P 6 = 1 is irreducible and pstubborn. Consider the subgroup A = hg 2 P : V (g) 6 = 0i P: Note that ACN(P), and that P : A] < 1.
Step 1 Assume here that for any subgroup K P such that K A and KCN(P), either V jK is irreducible, or it splits as a sum of isomorphic irreducible Krepresentations. Set P 0 = fg 2 C P (A) : g p 2 A; g; P] Ag and A 0 = Z(P 0 ): By assumption, V jA = W s for some irreducible A-representation W. Also, A is generated by elements g for which W (g) 6 = 0, and this is only possible if A is cyclic or S 1 . In particular, A is abelian, and so A A 0 P 0 . Since A 0 CN(P) by construction, V jA 0 also splits as a sum of isomorphic irreducible representations.
In particular, A 0 = Z(P 0 ) is abelian and has an e ective irreducible representation, and this means A 0 must be cyclic or S 1 .
If A 0 = C p m and p m > 2, then V jA 0 extends in a unique way to a representation of the circle S 1 . This uniqueness insures that S 1 also is normalized by N(P); and hence that S 1 P by Lemma But P : A] < 1, so this is impossible; and we see that A = A 0 = Z(P 0 ) = f 1g or S (3) We next claim that P; P 0 ] A and C P (P 0 ) = A:
The rst statement follows from the de nition of P 0 . To see the second, assume that C P (P 0 )%Z(P 0 ) = A. Then there exists gA 2 (C P (P 0 )=A) \ Z(P=A) of order p. But then g2P 0 by construction, and so g 2 P 0 \C P (P 0 ) = Z(P 0 ) = A. Case A Assume rst that A =S 1 . Since Ext((C p ) 2k ; S 1 ) = 0 (S 1 is in nitely divisible), there is only one central extension of the form (5) which satis es the commutator relations (6). Hence P 0 = ? U p k . By (5) and (6), any irreducible Crepresentation of P 0 upon which S 1 acts by the identity is a module over the appropriate twisted group ring R = C (C p ) 2k ] t ; and R =M p k(C ) since P 0 does have an irreducible p k -dimensional module. In other words, there is a unique irreducible C -representation of P 0 upon which S 1 acts by the identity, and G = G (n) = U(p k ), Sp(p k ), or O(2p k ). So P 0 is conjugate in G to ? U p k .
Since P 0 has a unique representation which extends the given representation on its center, any automorphism of P 0 which xes the center must be realized as conjugation in G. The image of Aut(P 0 ) in Aut(P 0 =A) =GL 2k (F p ) is the symplectic group Sp 2k (F p ). Also, any automorphism of P 0 which induces the identity on A and on P 0 =A is inner (note that there are at most p 2k = jP 0 =Aj such automorphisms).
It follows that
Here, when G = O or Sp, the factor C 2 is generated by complex conjugation, regarded as an automorphism of ? U p k U(p k ). Note that Sp 2k (F p ) is p-reduced for any k and p: since the upper and lower triangular matrices, for an appropriate ordering of the basis, make up two Sylow p-subgroups with trivial intersection.
Set P 00 = C P (A). Then P : P 00 ] j Aut(S 1 )j = 2. By (3), P; P 0 ] A =S 1 .
So for any x2P 00 , conjugation by x is an automorphism of P 0 which induces the identity on P 0 =A and on A. Any such automorphism is inner (see (8)); and so P 00 hP 0 ; C P (P 0 )i. Thus P 00 = P 0 by (4), and P 00 is conjugate to ? U p k .
If G = U or if p is odd, then P = P 00 and we are done. If p = 2 and G = O or Sp, then N(P 00 )=P 00 =C 2 Sp 2k (F 2 ) by (8). Furthermore, N G(n) (P) N G(n) (P 00 ) by construction of P 00 ; so P=P 00 is 2-stubborn in N(P 00 )=P 00 , and hence must be precisely the C 2 factor (jP=P 00 j 2). It follows that P is conjugate to ? O 2 k+1 O(2 k+1 ) or ? Sp 2 k Sp(2 k ); and that N(P)=P = Sp 2k (F 2 ).
Case B Now assume that A = f 1g. In particular, p = 2 and G = O or Sp.
Then any central extension of the form given in (5) and (6) is isomorphic, either to a central product of copies of D(8), or a central product of one copy of Q(8) and copies of D(8). In either case P 0 has a unique e ective irreducible representation: of real type in the rst case, and of symplectic type in the second case. In other words, P 0 G (n) is conjugate to one of the pairs ? O 2 k O(2 k ) or ? Sp 2 k Sp(2 k ). As in Case A, any automorphism of P 0 which induces the identity on P 0 =A is inner; and so P = P 0 by (4).
Finally, since P has a unique e ective irreducible representation, Step 2 We now assume that there exists a subgroup A K P such that KCN(P), and such that V jK splits as a sum of nonisomorphic irreducible Krepresentations. Write V jK =V 1 V r (r > 1), where each V i is a sum of isomorphic K-representations, and where for i6 =j the irreducible summands of V i and V j are nonisomorphic.
Since V is irreducible an an P-representation, P=K permutes the V i transitively. In particular, they all have the same dimension: set m = n=r = dim(V i ). So (after conjugating) we may assume that K G (m) r .
Let K 0 =K P=K be the subgroup of elements which leave each V i invariant. Let K i G (m) be the image of K 0 in the i-th factor, so that
Since KCN(P), the conjugation action of N(P) permutes the V i , and so K is normalized by N(P). Lemma 1 now applies to show that K P. Now set L = P= K. Then L permutes the V i e ectively and transitively. Also, since V (g) = 0 for all g2Pr K, the action of any 16 =x2L must permute the V i freely. So we can regard L as a free transitive subgroup of r . Then P is conjugate to K 1 o L, and
In particular, Aut(L) is p-reduced, so L must be elementary abelian, and is conjugate to E p k p k (r = p k ). Also, K 1 is p-stubborn in G (m). So by induction, we see that P is conjugate to an iterated wreath product ? o E q 1 o o E q r , where q i = 2 t i and ? is one of the groups listed in (2). Also, each of the ? o E q 1 o o E q i is p-stubborn in the appropriate G (m i ) and normal in N(P); and so N G (P)=P = N G(m) (?)=? GL t 1 (F 2 ) GL t r (F 2 ):
Note in particular that q 1 4 if ? = O(1) (and p = 2) | since O(1) o 2 is not 2-stubborn in O(2).
Step 3 In order to nish the proof of point (i), it remains to show that all of the groups listed there are p-stubborn (and with N(P)=P as given This is p-reduced since N(?)=? is (Step 1); and so P is p-stubborn.
Step 4 Now let P G (n) be an arbitrary p-stubborn subgroup. Assume that the corresponding P-representation factors as a product V 1 : : : V s of irreducible representations. In other words, after conjugating, we may assume that P G (n 1 ) G (n s ), where n i = dim(V i ), and where the image P i G (n i ) of P in the i-th factor is irreducible for each i.
By Lemma 1, C G(n) (P) = Z(P) | unless possibly p is odd and G = O in which case C G(n) (P) : Z(P)] 2. In this latter case, C G(n) (P) is a product of unitary groups and one copy of O(m), where m = dim(V P ). Also, m 1, since C G(n) (P)=Z(P) O(m) is the number of trivial summands in V . In either case, C G(n) (P) is abelian, so the V i are distinct as P-representations, and are permuted by N(P). In particular, N(P) N(P 1 P s ), and so Proposition 2.2 applies to show that P = P 1 P s . After reindexing, we can write P = (P 1 ) m 1 For the sake of completeness, we also note the following conditions for when for two p-stubborn subgroups of G (n), of the form described in Theorem 3, one is contained (up to conjugacy) in the other.
Proposition 4. Let p, and G = G (n) be as in Theorem 3, and let P 0 P be a pair of p-stubborn subgroups of G.
(i) If P is reducible | if P = P 1 P s where P i G (n i ) is 2-stubborn and irreducible | then P 0 = P 0 1 P 0 s for some subgroups P 0 i P i p-stubborn in G (n i ).
(ii) If P is irreducible and P 0 is reducible, then P is a wreath product
for some ? G (q 0 ) as in Theorem 3 and some r 1. And P 0 = P 0 1 P 0 t , where each P 0 i is an irreducible subgroup of ? o E q 1 o o E q s P (one of the standard subgroups of this form) for some 0 s < r.
(iii) Now assume that P and P 0 are both irreducible, and that These subgroups can take the following forms (listed only for P): (a) P is reducible. Then A = P. Point (iii) now follows by induction.
Theorem 3 describes the p-stubborn subgroups of the matrix groups O(n), U(n), and Sp(n). However, what we are mostly interested in are the connected simple groups. The next two theorems describe the connection between the p-stubborn subgroups of SU(n) and of U(n); and between the 2-stubborn subgroups of SO(n) and O(n). In the rst case, the categories R p (SU(n)) and R p (U(n)) are in fact isomorphic.
Theorem 5. A subgroup P SU(n) is p-stubborn if and only if hP; Z(U(n))i is a p-stubborn subgroup of U(n); if and only if P = P\ SU(n) for some p-stubborn subgroup P of U(n).
Proof. By Lemma 1(ii), for any connected G and any p-stubborn subgroup P G, P C G (P) Z(G). And for any P SU(n) such that P Z(SU(n)), if we set P = hP; Z(U(n))i, then P is p-toral if and only if P is, N SU(n) (P)=P =N U(n) ( P)= P; and so P is p-stubborn if and only if P is. Proof. Assume that P U(n) is p-stubborn: then P = P 0 \ SU(n) for some pstubborn P 0 U(n) by Theorem 5. In particular, if P is nite, then dim(P 0 ) = 1 and P 0 is irreducible. So n = p k for some k 0, P 0 is conjugate to ? U p k by Theorem 3(i), and P is conjugate to ? SU p k = ? U p k \ SU(p k ).
The last statement follows easily from Theorems 3(i) and 5.
The relation between 2-stubborn subgroups of SO(n) and O(n) is more complicated.
Proposition 7. For any 2-stubborn subgroup P SO(n), there is a unique 2-stubborn subgroup P O(n) such that P = P\ SO(n) and N O(n) ( P) = N O(n) (P). If P 1 P 2 is a pair of 2-stubborn subgroups of SO(n), then P 1 P 2 .
Proof. If P SO(n) is 2-stubborn, then N SO(n) (P)=P is 2-reduced, and so the intersection P=P of the 2-Sylow subgroups in N O(n) (P)=P has order at most 2. If P=P = 1, then P = P is 2-stubborn in O(n). Otherwise, P 6 SO(n) and N O(n) ( P)= P = N O(n) (P)= P is 2-reduced; and so P is 2-stubborn and P = P\ SO(n) . The uniqueness of P is clear. Now assume that P 1 P 2 are 2-stubborn in SO(n), and that P i P i are as above. We must show that P 1 P 2 .
An inspection of the list in Theorem 3 shows that for any irreducible 2-stubborn subgroup P O(m), either m = 2 (and P = O(2)), or P SO(m), or there exist elements in P r SO(m) of nonzero trace. So in all cases, P = P\ SO(m) is irreducible. Upon extending this to arbitrary 2-stubborn subgroups, we see that the P i (for i = 1; 2) have the same decompositions into irreducible representations as the P i . In particular, we may assume that P 2 is irreducible. Now de ne subgroups A i = hg2P i : Tr(g) 6 = 0i and A i = hg 2 P i : Tr(g) 6 = 0i:
Clearly, A 1 A 2 . We may assume that n 3. Then there are the following possibilities: (a) P i is not irreducible (and i = 1). Then A i = P i and A i = P i . Note that in each case, P i = h A i ; P i i. So it will su ce to show that A 1 A 2 .
Assume rst that P 2 is of type (b). Then A 2 is a product of 2-stubborn subgroups of B O(n=q r ). If P 1 is reducible, then P 1 = A 1 A 2 , so P 1 also splits as a product of 2-stubborn subgroups of O(n=q r ), and we get that P 1 A 2 P 2 by induction on n. A similar argument applies to show that A 1 A 2 if P 1 is a wreath product. And if P 1 = ? O 2 k or ? O 2 k (where 2 k = n 4), then P 1 SO(n), so P 1 = P 1 , and there is nothing to prove.
Finally, assume that P 2 = P 2 = ? O 2 k or ? O 2 k (where 2 k = n 4). Then A 2 =f 1g or O(2), respectively, and A 1 A 2 . And an inspection of cases (a){(d) above shows that either P 1 = P 2 , or P 1 = ? O 2 k and P 2 = ? O 2 k . By Proposition 7, for each n, there is a well de ned functor n : R 2 (SO(n)) ? ! R 2 (O(n)); de ned by setting n (SO(n)=P) = O(n)= P whenever P SO(n) and P O(n) are 2-stubborn subgroups such that P = P\ SO(n) and N O(n) ( P) = N O(n) (P).
Theorem 8. If 4-n, then n is an isomorphism of categories. Otherwise, its failure to be an isomorphism is described by the following points:
(i) For any 2-stubborn subgroup P O(n), P = P\ SO(n) is 2-stubborn, and N O(n) (P) = N O(n) ( P) unless P has the form P = (O(1) o E 4 ) P 0 for P 0 SO(n?4) (in which case N O(n) (P) 6 = N O(n) ( P)).
(ii) Let P O(n) be any 2-stubborn subgroup. Then (1) And for such P, N( P) SO(2 k ) unless P is conjugate to ? O 4 .
Proof. If n is odd, then O(n) = SO(n) f Ig, and so n is clearly an isomorphism of categories. If n 2 (mod 4), then any 2-stubborn subgroup P O(n) has the form P 0 O(2) for some P 0 O(n ? 2). In particular, if we set P = P\ SO(n), then O(n)= P = n (SO(n)=P) by (i); and O(n)= P and SO(n)=P have the same morphisms since P * SO(n).
(i) Let P O(n) be any 2-stubborn subgroup, and set P = P\ SO(n). By Theorem 3(ii), P splits as a product of subgroups P i O(n i ) (where n = P n i ). Let r be the number of factors for which P i 6 SO(n i ). If r = 0, then P = P and is clearly 2-stubborn in SO(n). If r 2, then N O(n) (P) = N O(n) ( P) ( P is the product of the projections of P into the irreducible factors); and so P is again 2-stubborn. We are left with the case r = 1; and we can just as easily assume here that P 6 SO(n) is irreducible. And a quick survey of the list in Theorem 3(i) shows that P = O(1) o E 4 O(4) is the only case where N( P)6 =N(P).
(ii) Clear.
(iii) If P O(2 k ) is irreducible and 2-stubborn, then by Theorem 3(i), P SO(n) if and only if it is one of the groups listed in (1) above. The only claim which is not easily checked is that N O(2 k ) ( P) SO(2 k ) when P = ? O 2 k (k 3) or ? O 2 k (k 2). When P = ? O 2 k , this follows since N( P)= P = Sp 2k?2 (F 2 ) is generated by elements in U(2 k?1 ) SO(2 k ). The importance of identifying those p-stubborn P 0 O(n) for which N(P 0 ) SO(n) is that these are precisely the subgroups whose conjugacy class in O(n) splits up into two conjugacy classes in SO(n).
